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Abstract 

The metric of a spacetime with a parallel plane (pp)-wave can be obtained in a 
certain limit of the space AdS^xS^. According to the AdS/CFT correspondence, 
the holographic dual of superstring theory on that background should be the 
analogous limit of A/" = 4 supersymmetric Yang-Mills theory. In this paper we 
shall show that, contrary to widespread expectation, non-planar diagrams survive 
this limiting procedure in the gauge theory. Using matrix model techniques as 
well as combinatorial reasoning it is demonstrated that a subset of diagrams 
of arbitrary genus survives and that a non-trivial double scaling limit may be 
defined. We exactly compute two- and three-point functions of chiral primaries 
in this limit. We also carefully study certain operators conjectured to correspond 
to string excitations on the pp-wave background. We find non-planar linear 
mixing of these proposed operators, requiring their redefinition. Finally, we show 
that the redefined operators receive non-planar corrections to the planar one-loop 
anomalous dimension. 
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1 Introduction and Conclusions 



The AdS/CFT correspondence asserts a duality between type IIB superstring 
theory quantized on the background space AdS^ x and A/" = 4 supersymmetric 
Yang-Mills theory in four dimensional Minkowski space. Recently, it has been 
observed that a certain limit of the AdS^ x geometry yields a parallel plane- wave 
(pp-wave) space-time [|1|. This background has the virtue that the superstring 
can readily be quantized there The pp-wave geometry is obtained in a large 
radius of curvature and large angular momentum limit. In the Yang-Mills theory 
dual, which was discussed in [^, this translates to the hmit 

N ^ oo and J —>■ oo with — fixed, qym fixed (1-1) 

where is the rank of the U(N) gauge group and J is the isospin quantum 
number which is conjugate to the phase of the complex combination of two scalar 
fields Z{x) = ($i(a;) +i^2{x)). The Yang-Mills coupling constant ^^ym (and 
the string coupling gg = gyj^/in) are held constant and a new parameter, J'^/N 
appears in the limit. The validity of such large J limits has been discussed in 
[Q. The BPS bound A > J implies that the operators of interest have large 
conformal dimensions A. The simplest example of such an operator is the chiral 
primary field 

^ Tr (1.2) 



which saturates the bound. More generally, one is interested in correlation func- 
tions containing a large number (of C( J)) Z[x)Z{x) . . . Z{x) of fields such that 
A — J stays finite as J ^ cxd. Note that for all J the fields ( |1.2| ) are protected op- 
erators: Their two and three point functions do not receive quantum corrections 
beyond the free field sector of super Yang-Mills theory. 

In it has been assumed that the gauge theory remains planar in the limit 
(|1.1|) . This assumption, which was used extensively in [0], deserves to be studied 
more carefully. In factQ it had been observed in that, if J tends to infinity 
sufficiently rapidly with A^, non-planar diagrams will eventually dominate over 
planar ones. In this paper we shall point out that the particular scaling given 
in eq . (|1 . 1| ) corresponds to the most interesting case where some (but not all) of 
the non-planar diagrams are surviving the limiting procedure. This allows us to 
demonstrate that eq.( |l.l| ) actually corresponds to replacing the standard 't Hooft 
limit by a an interesting novel double-scaling limit of Yang-Mills theory. It will be 
shown below that in some ways this new limit resembles the double scaling limit 

Cf the discussion of this point in a footnote on page 8 of §. Actually, in [| it was shown 
that if one scales J ^ N non-planar diagrams dominate over planar ones. This is consistent with 



our finding that the scaling J ^ y/N corresponds precisely to the critical situation where (the 
generic) non-planar diagrams are neither dominant nor subdominant w.r.t. planar diagrams. 
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of the "old matrix models" of non-critical bosonic string theory discovered in 
One consequence is that, in order to keep exact orthonormality of the operators 
(|1.2|) , their correct normalization involves a non-trivial scaling function 

/ sinh(if)\-^ 

UN' TvZ\x) (1.3) 

After establishing that the recipe (|1.1|) does not fully suppress non-planar 
diagrams we are immediately led to the following puzzling question: What, then, 
characterizes the classes of diagrams that are favored, respectively suppressed, 
in this novel limit? By carefully investigating the pertinent combinatorics we 
find the following picture: Interpreting the operator TrZ"^ as a discrete closed 
string consisting of J "string bits" (see and references therein) non-planar 
diagrams contributing to this operator correspond to the string splitting into 
multiple strings in intermediate channels. Taking J large may be interpreted as 
a continuum limit: The number of string bits diverges and the string becomes long 
and macroscopic. On the other hand, taking large acts towards suppressing 
the string splitting. We then find that the scaling ~ leads to a delicate 
balance between the two effects such that microscopic strings, made out of only 
a small number of string bits (small w.r.t. J), are suppressed but macroscopic 
strings, made out of a large number of bits (i.e. of (9(J)), survive. 

We also look at the three point correlation function of the chiral primaries 
(|1.3| ), which are protected as well, and find the exact scaling function. As it 
explicitly encodes information for arbitrary genus, it would be fascinating if its 
structure could be understood from the string side [0 . 

The present picture is very clear in the case of operators which are protected 
by supersymmetry, such as ( p..3| ). In the case of unprotected operators, their 
quantum corrections require further analysis. Interactions involve index loops 
which produce factors of A^. In the 't Hooft limit of Yang-Mills theory, these 
factors are controlled by making the coupling constant small, ^^ym ~ 1/A^- In the 
limit ( p..l[ ), (7ym is finite, so we depend on the large J limit to suppress factors 
of A^. We shall present evidence, based on a one-loop computation, that this 
suppression indeed occurs in two-point correlators of the operators^ 



a.(x) 



^ ^ , V Tr[ 03 04 Z'-' ] (1.4) 
yjjV J/2+1 ^ [V^3 J y ) 



which were introduced in ref.|p. There, it was argued that these operators 
correspond to states of the string theory on the pp-wave background, 0„ ^ 
'A%^-n\^iV^)i ci-nd that their conformal dimensions should match eigenvalues of 



As we shall see below the sum in eq.(1.4) should actually start at ^ = 



2 



the pp-wave string Hamiltonian, 

E^InJi^'-^,,^ (1.5) 

n=0 * 

where Nn is the occupation number of a state of excitation level n. As a simple 
check of the duality, ref. showed that this formula is indeed reproduced by the 
planar limit of Yang-Mills theory. In this paper, as a warm-up exercise, we will 
reproduce this computation in detail. 

The precise definition of the operators ( |1.4| ) is actually quite subtle. As for 
( |1.3|) , non-planar diagrams also survive even at the classical level. But unlike 
( |1.3| ), here it is not sufficient to replace the planar normalization factor (JiV'^+^)~2 
by a scaling function since even their orthogonality is violated at the non-planar 
level. Furthermore, at one-loop order, non-planar diagrams survive the limit ( |1 . 1| ) 
as well and contribute to the two-point correlator of ( |1.4| ). The main effect of the 
non-planar diagrams then is to mix these operators so that linear combinations of 
them are required to obtain redefined operators with a fixed conformal dimension. 
One of our central results is that after this redefinition, at the one-loop level and 
to first order in j^, the limit ( |1 . 1| ) is well-defined for these operators. 

Finally, we find that there is a non-planar contribution to the scaling dimen- 
sion of the redefined operator^: eq.(|1.5D receives corrections of order gy^^- 
Relying on the proposed duality 0, this implies that the pp-wave string spec- 
trum is renormalized by string loops. It would be very interesting to extend this 
result to higher orders in gyj^ and 

2 Double scaling limit of chiral primary two- 
point functions 

The simplest example of double-scaling occurs in the normalization of the chiral 
primary operator Tr (^Z-^^x)^. This operator saturates a BPS bound, A — J = 
and in the limit (|1 . 1|) it is identified with the BPS ground state of the string theory 
sigma model on the pp-wave background. Its normalization can be computed 
from its two-point function, 

G-^-^'{x) = (0|Tr {Z^{x)) Tr [z^' (0)) |0) (2.1) 

U(l) symmetry implies that this vanishes unless J = J'. Non-renormalization 
theorems exist for the two- and three-point functions of chiral primaries. These 

^ In the first version of this paper we had overlooked this contribution due to some erroneous 
analyticity assumptions in the evaluation of a minor subset of the required sums in the scaling 
limit. After that, the paper appeared, which contained the correct treatment of this 
correction. In addition, interprets, under some assumptions, this result using string field 
theory, while otherwise nicely confirming our results concerning the existence of the double 
scaling limit as well as the phenomenon of operator mixing. 
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correlation functions are then given exactly by their free field limits. In particular, 
this means that the scaling dimension of such operators is equal to its free field 
limit. Four-point functions of these operators are known to receive radiative 
corrections. 

Thus, we can evaluate in free field theory. There, conformal invariance 
gives the exact coordinate dependence of the correlator and it remains to solve 
the combinatorial problem of taking into account all contractions of the free field 
propagators. The latter is conveniently summarized by a correlator in a Gaussian 
complex matrix model^. 



G 



J J' 



6 



jj' 



x] 



\x 



2.J 



9ym 
87r2 



(TrZ^ TrZ^) 



(2.2) 



where 



(TrZ-^ TrZ^) = / dZdZ TrZ'^ TrZ'^ e 



-TrZZ 



(2.3) 



Hereafter, in this paper, we shall use the notation that (0|...|0) corresponds to 
the vacuum expectation value in the quantum field theory defined by the action 



(|5.5| ) and (...) denotes an expectation value of the appropriate matrices in the 
matrix model defined by (|2.3| ). 

The correlator ( |2.3|) can be computed using matrix model techniques (see 
Appendix A). The result is 



(TrZ-^ TrZ-^) 



1 fT{N + J + l) T{N+1)' 



J+1 



TiN) 



T{N-J)^ 



(2.4) 



where it is assumed that > J > 0. 

The result eq. ( ^.4| ) is simple and explicit and will enable us to understand the 
nature of the scaling limit eq. (|Ll|) . In fact it is straightforward to expand eq. (|2.4| ) 
as a series in and extract, for general J, the corrections to the (trivial) planar 
hmit JN'^ 



{TtZ-^ TrZ-^) 



2N-^ ~ 1 



J2 ii ■ 22 ■ • • • ■ i2h+i \ (2.5) 

I<n<i2<..i2h+l<-' 



The terms in this expansion can be organized in an interesting way as follows 



(TrZ^ TtZ'^) = J N-'ll 



+ 



2lQ+49| 

{oo 
h=l k=2h+l 









01 






+ 36 






4/i 





1 
A 



+ 
1 



iV4 



+ . . . 



(2.6) 
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Figure 1: 



The structure of this result is easy do understand combinatorically. We have 
to find the possible ways of connecting two necklaces with each, respectively, J 
white (^'s) and J black (2''s) beads according to the following rules: (a) each 
connection has to link a black to a white bead (b) in order to find the 0{N^~'^'^) 
contribution the connections have to be drawn without crossing on a genus h 
surface such that no handle of the surface can be collapsed without pinching 
a connection. Let us call all connections that run (possibly after topological 
deformation) parallel to another connection "reducible". Eliminate all reducible 
connections. This will lead to a number of inequivalent, irreducible graphs on the 
genus h surface. These have k connections ranging between at least k = 2h + 1 
connections (easy to see) and at most k = 4h connections (harder to see). Even 
for a given number of irreducible connections there are (starting from genus h = 2) 
an increasing number a/j ^ of inequivalent irreducible graphs. Once these numbers 
are worked out (this is a formidable problem, except for genus 1, where = 3,4 
and there is only one irreducible graph in each case, see figure 1) the total number 
of graphs of irreduciblity type k with J connections is given by ah^kij^- This 
explains the above expansion eq. ( |2.6| ). We are now ready to investigate the large 
J limit of the correlator; we see from eq. ( ^.6] ) 

{CO j4h "1 

that the terms involving ah^4,h stay finite in the double scaling limit J, N —>■ oo 
iff we keep ^ finite while all other terms in eq.( p.7| ) vanish. This means that 
non-planar diagrams survive to all orders in l/N"^. In addition the above analysis 
allows for the interpretation of the scaling limit eq.( [I.lD already mentioned in the 
introduction: Clearly, in light of eq. (|2.6|) , the omission of the subleading terms 
eliminates diagrams with "skinny" handles consisting of only a small number of 
string bits. The meaning of the double scaling limit is therefore that it combines 

^Note that we use the standard normaUzation for a complex matrix model (see appendix A). 
Since our calculations in the field theory are done using TT{TaTi,) = ^Sa,b Wick contractions of 
the field Z{x) come with an additional factor of ^ compared to the matrix Z. 
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a continuum limit (taking the size of lattice strings to infinity) with a large N 
limit (ensuring that only "fat" handles are allowed). This is very similar to the 
matrix model double scaling limits discovered in ||^. One apparent difference is 
that in these "old" double scaling limits there is an exponential growth of the 
number of graphs at fixed genus. However, this exponential factor (which in our 
case would be a term like c^) is well known to be non-universal, reestablishing 
the close similarity. 

It is straightforward to explicitly find the scaling function from eq.(|2.4|) 



incidentally yielding the numbers ah^^h = (4/?-)!/((2/i + 1)!2^'^). 

At this point, one might raise the objection that the correct gauge group for 
the AdS/CFT correspondence is SU(N) rather than U(N) and the sub-leading 
orders in the large N expansion differ for these two groups. Indeed, the analog 
of (U) can be found for SU(N), 



(IrZ' TrZ-^)su(N) = 

j\N-^+\-iy + ^2 

p=i 



{~iy-P{J -p)\NP-^ fT{N + p+l) r(A^+ 1) 



pJ (p+l) V r(Ar) T{N-p)^ 



It can be seen that this formula has the same asymptotics in large J as the 
previous case of U(N), though it has slower rate of convergence to the asymptote. 
From this, we conclude that the large J limit of the U(N) and SU(N) gauge 
theories are similar enough that we can focus on U(N). Of course, this is true 
only for the scaling limit that we are considering. If, for example, J goes to 
infinity faster than N^^"^, the limit could be more complicated. 

Other two-point functions easily evaluated (for U{N)) are 

(0|Tr [z-^{x)^^{x)) Tr [z^' (0)^^(0)) |0) = 

fgYuV^' s''' fr{N + j + 2) r(iv + i) \ 



8^2 y \x\^J+2 \ r{N) r(iV-J-l)^ 



\x 



2J+2 \^ 8^2 J 



2 N 



(2.9) 



and 



J 

^(0|Tr [z-'~P{x)<!>^x)ZP{x)<l>\x)) Tr [z-''-'^{0)<l>\0)Z''{0)<!>%0)) |0) = 

p=0 

S''' (gUV'"' ( T{N + J + 2) _ r(Ar + i) 
|a,|2j+4 1 87r2 ] I r(A^) r(A^ - J - 1) 
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The last of these is a correlator of a chiral primary field with a one which isn't a 
chiral primary. This is due to the fact that the summation effectively symmetrizes 
the operator product. Since the sum depends on non-planar diagrams, the terms 
individually must also. This means that the quantity of interest, 

(0|Tr (^Z-^-P{x)<l>'\x)ZP{x)<!>\x)') Tr (Z''(0)$^(0)Z-'-^(0)<l>3(0)) |0) 

must contain non-planar graphs in the limit ( p. . 1|) . We shall discuss non-planar 
corrections to this correlator in section ^. 



3 Three-point functions 

It is interesting to consider the three-point function of chiral primary fields. In 
the AdS/CFT correspondence, such three-point functions should coincide with a 
3-point amplitude for certain BPS states of the graviton. In the present case, we 
shall see that, like the case of the two-point correlator of chiral primary operators, 
the three-point function also obtains contributions from all genera in the limit 

(OD- 

Consider the three-point function of chiral primary operators 
G'''\x,y) = (0|Tr(z^(x))Tr(z^(y))Tr(z^(0))|0) 




J+K 

I ™ 1 l^^i^r <T'^''T'-^*TrZ-+-) (3.1) 

with {0 < J, K, L < N), where again the remaining expectation value can be 
evaluated using matrix model techniques (cf. appendix A) 

.j+K, 1 inN + J + K + l) , TiN+1) 



(TrZ'^TrZ'^TrZ^+^) = <^ ^ — — ^ + 



J + K+l[ r{N) T{N-J-K) 

r(A^ + j+i) r(A^ + is: + i)l 



T{N-K) r(iV-J) 
The scaling limit of the three-point function is 



(3,2) 



G">.,) = 2i--'-"^»(J + A-)(»|M^)'""^-pLpjf. (3,3) 



.inh(^)smh(^ 



(3.4) 

2N 

We see that all genera contribute. Furthermore, the dependence of these func- 
tions on the parameters J"^ /N, K"^ /N, L"^ /N is one which cannot be removed by 
normalizing the operators. This implies a dependence of the three-point ampli- 
tude on the three parameters which are left over in the double-scaling limit. 
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4 Computing momentum correlators 



We consider the following operators 

_ , , X w — ^ r 7 7 7 -, Stt i n I , , 

= g Tr[ 03 04 ] (4.1) 

Notice that these operators differ from those introduced in by the inclusion of 
/ = in the summation range. This difference will turn out to be important for 
what follows. We shall be interested in the two point correlator ((9„^(x) Onii^)) 
up to next to leading order in N'^. In the free theory limit one has after contracting 
the 03 and 04's 



Oni{x) OnziO) )o-loop = 

1 f 9ym \ 



p,q=0 



JNJ+^ \^87r2|x|V 

The remaining correlator splits into a disconnected and connected piece 

( Tr [ Z'-P Z-'-^ ] Tr [ Z« ] ) = 5,,, [J | p] + [J | p, g ] (4.3) 

where we have defined 

\J\v\ = {Tt[Z-^-p Z-^-P]) {Tt[ZP ZP]) 
[J\p,q] = (Tr[Z^-^Z^-^]Tr[ZPZ^ (4.4) 



The disconnected piece may easily be deduced from eq. ( p.4|) by making use of 
the identity 

(Tr(Z^+^)Tr(Z-^+i)) = (J + l)(Tr(Z-^Z-^)) (4.5) 



The result reads 



J-p + 2\ , fp + 2 



[J\p] = N'^' + N'[i^'' 4 j + 4 j \ +OiN'-') (4.6) 

The combinatorics of the connected contributions goes as follows. As the leading 
disconnected contribution to eq. (O) scales as A^-^^^ we shall be interested only 
in the planar connected contribution to [J \ p,q]. The relevant contractions are 
depicted in figure |^. Assume J — q > p and q > p. Then we connect k of the 
(J — q) Z's with k of the p Z's. There are {p — k + 1) {J — q — k + 1) ways of 
doing this and we should sum over these k contractions a.s k = 1, . . . ,p. All the 
remaining contractions (depicted by dashed lines in the figure) are completely 
determined by planarity once the middle k lines have been chosen. If we have no 
middle contractions {k = 0) all the p Z's are contracted with p Z's on the same 
ellipse, leaving {q — p) Z's on the right ellipse of figure ^ to be contracted with 
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Figure 2: The contractions 



the left elhpse. There are then 
hence see that 



p) (p + 1) ( J — g + 1) ways of doing this. We 



[J I 



r 1 
6 



p (p + 1) (3 J + 1 - p - 3g) 



+ (g - p) (p + 1) ( J - g + 1) ] + 0{N-^-'') 
for {q > p , J — q > p) 



(4.7) 



For different regions of p and q the correlator is determined by the two obvious 
symmetries {p q) and {p ^ J — p,q J — q) of [J | p, g ] . One may now 
Fourier transform eq. (|4.6|) and eq. ( [4.7|) and deduce the leading behaviours in 
J'^/N. For the disconnected contribution one finds 



J 



D. 



p=0 

J+2 




n2 



384nf^ 
27r^(rai-n2)^-3 
24(ni-n2)'l7r4 



Til = -n2 
rii ^ n2 



+ N' 0{J^) + 0{N'^-^) (4.8 



in the limit of large J. Let us now turn to the connected non-diagonal contribution 
to the correlator eq. ( |4.2| ). The summation domain for p and q then splits into 
four sectors (g > p, J — q > p),{q > p, J — q < p),{q < p, J — q > p) and 
{q < p, J — q < p) and due to the symmetries of [ J | p, g ] the sum over these four 
sectors may be reduced to a single sum over the domain (g > p, J — g > p) with 
varying phase factor contributions. Explicitly one has to evaluate the double sum 



Cn 



[J/2]-l 

[J I p,g] (cos[^(pni -gns)] +cos[^(gr2i 

p=0 q=p+l 



-pn^)]) (4.9) 
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where [J/2] = J/2 for J even and [J/2] = (J + l)/2 for J odd. As [J \p,q] scales 
as the double sum eq. ( [4.9|) will scale as J^ and its contribution is relevant 
to the momentum correlator in the double scaling limit. Performing the sums in 
eq. (|4.9|) and taking the J — > oo limit we find 



a 



f j_ 

40 

3-27r2 rfi 

48 n^TT* 
9 



32n47r4 

2ni^ — 3711 n2+2n2^ 
Sni^ TL'p (ni— n2)^ tt* 



ni = n2 = 

:= nij2 7^ 0,722/1 = 
n := rii = n2 and ni 7^ 7^ ^2 (4-10) 
n := rii = —n2 and 7^l 7^ 7^ n2 
rii 7^ n2 and t^i 7^ 7^ 722 



up to terms of order N'^ 0{J^) and 0{N^~'^). We now have to worry about the 
contributions along the "diagonals" p = q and J — q = p which were omitted in 
the double sum of eq. ( [4.9| ). The counting now works analogously, for the first 
case {p = q) one has 



[J/2] 



Cl^ln2 = N' E |b+l)p(3'/+l-4p)2cos[^K-n2)p] (4.11) 



p=0 



and for the second case {J — q = p) one finds 



J-q=p 
-n2 



[J/2] 



E [|(p+l)p(2p+l) + (p + l)'(J-2p) 

p=0 



2 cos[-|^ {rii - n2)p] 
(4.12) 

These sums can be worked out explicitly, however, we already see at this point 
that they will not contribute at order J^ as the summand scales as p^. We hence 
have that 

Cl71n2 - Ci^X! - 0{J') (4.13) 

and these contributions are suppressed in the limit eq. (|1.1|) . Summarizing we 
have thus found that 



9ym 



J+2 



J4 



J3 



(4.14) 



where we have introduced the symmetric real matrix given by 



Moo = — 
00 24 



On 



' 2tt^ (n-mf -3 , 2n^-3nm+2m^ 
24{n-m)47r4 8 {n-?fi)2 tt* 



J_ _|_ 21-27r^ 
60 ~'~ 48n47r4 



105+87r^n"' 



\n\ 7^ |m| 



n 



m 



n = —m 
(4.15) 
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Note the decoupling of the zero momentum sector {Mon — 0) which corresponds 

to the groundstate not mixing under perturbation theory with the excited states 
in the dual string picture. This result tells us that we have to renormalize our 
momentum operators according to 

On{x) = J2l^nm " ^nm ] Om{x) (4.16) 

in order to maintain orthogonality up to order J^/N'^, i.e. ( On Om ) oc 5n,m- 



5 Computing anomalous dimensions 

In this section we shall review the computation of anomalous dimensions of op- 
erators which are of interest to us in this paper. The correlation functions of 
interest are those of traces of products of the scalar fields, for example 

(0| : Tr$„,(x) . . . <l>„^(,x) :: Tr$^,(0) . . . <^p^{0) : |0) = 

^pq9YM^^i^) J2 (<^ai^p(i) ■ ■ ■ <^ap/3p(p)) + Quautum corrcctious (5.1) 

Perm P 

Here, the dots : ... : indicate normal ordering, so that the vacuum expectation 
value of each individual operator vanishes. In the following, we will omit the 
normal ordering symbols. The first term on the right-hand-side is the correlator 
in the free field limit. The other terms, are given by radiative corrections to the 
free field limit. In this section, we will compute these radiative corrections to the 
next order in gyu- 



5.1 Notation 

The field content of A/" = 4 supersymmctric Yang-Mills theory in four dimensions 
are the scalars, ^a{x) where the Greek indices a, P, . . . = 1, 6 transform under 
the R-symmetry SO(6)~SU(4), vectors Afj_{x) where jj, = 1,2,3,4 is the space- 
time index and a sixteen component spinor ^(x). These fields are Hermitean 
N X N matrices and for the most part in the following, the gauge group will be 
U(N). These fields can be expanded in terms of the generators of U(N) as 

Ar2_i Af2-l TV^-l 

a=0 a=0 a=0 

where T^i = -j^Ski is the U(l) generator. We use the letters a,b, . . . = 0, . . . , — 1 
to denote components in the Lie algebra of U(N). The conventions for the gener- 
ators and structure constants are 



rpa rpb 



^ jabcrpc Tr(T'"T''') —(5"'' 

2 
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Also, 

a=0 a=l 

and 

We shall also need the identity 



Tr(T" A B) Tr(T'= C D) f""^ f^^" = (5.3) 
l( 

along with 



I (Tr ATiCTiBD + TiBTiD Tr AC - Tr ACBD - Tr ADBC ) 



Tr(TM)Tr(T^5) = ^Tr AB - ^Ti ATi B 

Tr(T^^T^5) = ^TrATrB - ^TvAB (5.4) 

where A, B, C, D are N x N matrices and a = 1, . . . , A^^ — 1 runs only over the 
SU(N) indices. We use the conventions of [|1^, 0. 

The Euclidean space action of A/" = 4 supersymmetric Yang-Mills theory is 




+]^rT^D,r + \r'"'rT''(t>ir] (5.5) 

where the curvature is = d^A1 — dyA^^ + f"'^'^A^^A1 and the covariant derivative 
is D^cf)"" = dfj_(f)°' + f°''"^A^^(j)'^. (r^, F") are the ten-dimensional Dirac matrices in 
the Majorana-Weyl representation. 

Vertices and propagators can be read off from the action ( |5.5| ). We will work 
in the Feynman gauge where the free field limit of the vector field propagator is 



(0|A«(x)4(0)|0)o = ^V%.- 



1 



47r2[x]2 

In this gauge, it resembles the free scalar field propagator 

1 



(O|0^(x)0^(O)|O)o = ^?V"^5„^ 



47r2[x]2 



AA = 4 supersymmetric Yang-Mills theory contains no dimensional parame- 
ters. Furthermore, because of the high degree of supersymmetry, it has vanishing 
beta function for the coupling constant Qym and is a conformal field theory. How- 
ever, individual Feynman diagrams are divergent and the explicit computations 
that we do in the following will require a regularization. For this purpose, we 
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Figure 3: The relevant graphs of the self energy, gluon exchange and four-point 
interaction contributing to the leading radiative corrections of two-point scalar 
field trace operators. 



will use regularization by dimensional reduction. Four dimensional A/" = 4 super- 
symmetric Yang-Mills theory is a dimensional reduction of the ten-dimensional 
jV = 1 theory. We can obtain a regularization of the four dimensional theory 
which still has sixteen supersymmetries (but of course is no longer conformally 
invariant) by considering a dimensional reduction to 2uj dimensions, rather than 
4 dimensions. In this reduction, the fermion content is still a sixteen-component 
spinor (which originally was the Weyl-Majorana spinor in ten dimensions). There 
are 10 — 2ti; rather than 6 flavors of scalar field and 2uj rather than 4 polarizations 
of the vector field. 

The Green function for the Laplacian in 2uj dimensions is 



A(x) 



(27r)2'^ p2 



Tiuj-l] 



477^ [X 



21u;-l 



(5.6) 



When we work in 2ci;-dimensions, the right-hand side of this equation should 
replace l/47r^[a;^] in propagators. Useful formulae for Feynman integrals in 2uj- 
dimensions can be found in refs. [|ll|, . 



5.2 One-loop integrals 

The Feynman diagrams which contribute to radiative corrections to two-point 
correlators of scalar trace operators are depicted in figure 3. The first diagram in 
figure 3 contains the self-energy of the scalar field. Feynman rules and conventions 
for vertices can be deduced from the action (|5.5|) . 

The self-energy of the scalar field was computed with the present notational 
conventions in refs.|[ll|, |l^. Written as a correction to the scalar propagator, it 
is 



(O|0^(a:)</.J(O)|O) = 



iTT^{2-uj){2uj-3) 



\x 



2](2-a;) 



Note that the quantum correction only affects the SU(N) indices. The 
terms of order at least (^ym- 



j (5.7) 
denote 



13 



The other quantum correction that we must take into account occurs in the 
correlator of four scalar fields, 



(5.8) 



The first term on the right-hand-side is the free field limit and ST'^^^g{x) denotes 
the radiative corrections, which we shall compute to order Qyu- "^^^ relevant 
Feynman diagrams are the second and third diagrams in figure 3. When these 
diagrams are combined, the total contribution is conveniently summarized in a 
combination of three different tensor structures, 



9ym^ 

XX/ feda fecb i fedb feca 
OalSO-yS [If + J J 



r(<^-i) 



47r'^(2-tj)(2a;-3) 

r^(a;-2)r^(aj-l)r(3Lj-4) 
167r"r2{2a;-2)r(4-2w) 

r2(a;-2)r^(a;-l)r(3a^-4) 
167r"r2(2a;-2)r(4-2L>;) 



(5.9) 
(5.10) 
(5.11) 



Here, we have dropped a possible contact term which, in four dimensions, is 
proportional to the Dirac delta function 6{x) and therefore cannot contribute. 
The terms are arranged so that the first part ( |5.9| ) is symmetric, the second term 
( |5.10|) is anti-symmetric and the third term ( ^.11|) is diagonal in the indices a 
and f3. We caution the reader that the symmetric term ( |5.9| ) is not traceless. 
However, it is the only one which will be needed when we compute the leading 
radiative corrections to a correlator of chiral primary operators. 



5.3 Cancellation of leading radiative corrections to 2-point 
correlator of chiral primary operators 

The cancellation of leading order corrections to two- and three-point functions 
of chiral primary operators was demonstrated in ref. |T^. Here, to check our own 
procedure, and further develop the matrix model approach to computations we 
will redo this check of the no-renormalization theorem. 

We will consider the two-point correlator of chiral primary operators, 

(0|TrZ-^(x) TrZ^(0)|0) = ■ {TiZ'^ TiZ^) + ... (5.12) 

The first term on the right-hand-side is the free field limit which is given by 
the Feynman diagram depicted in figure ^. The last bracket in this term is the 
matrix model correlation function in eqn. (|2.3| ). The factor A'^(x) is the J'th 
power of the scalar correlation function and the combinatorics of taking traces of 
Lie algebra generators in the appropriate permutations is solved by the matrix 
model correlator, which we have evaluated explicitly in eqn.( |2.4D . 



14 



Figure 4: Feynman diagram for the free field limit of the correlator 
(0|TrZ'^(x) TrZ"'(0)|0). There are J scalar propagators connecting the points 
X and 0. 



Radiative corrections to this result arise from the Feynman diagrams, typical 
ones of which are depicted in figure ^. The first of the diagrams represent the 
radiative correction coming from the self-energy of the scalar field. As we dis- 
cussed in the previous subsection, this gives a contribution consisting of a factor 
of the scalar self-energy times the number of scalar lines in the diagram. Thus, 
the correction from self-energies is 



where we have taken into account that the interaction affects only the SU(N) 
part of the propagator by inserting the SU(N) generators into the traces and 
eliminating one factor of Z and Z from each trace, respectively. The factor of 
reflects the fact that there are J positions at which T"- could be inserted in each 
product. This equation can be simplified using (p.4|) to get 



g^^^NV{uj-l) 



■ [x^f-^h-'A'ix) — {TrZ'~'Z'-' 



1 

N' 



-TtZ 



j-i 



TrZ^-^) 
(5.13) 




Figure 5: Feynman diagrams contributing to the order (yfyn corrections to the 
correlator (0|TrZ^(x) TrZ'^(0)|0). There are either J scalar lines with one inser- 
tion of a scalar self-energy sub-diagram or two lines connected by either a vector 
line with two three-point vertices or one four-point scalar vertex. 



The second and third of these diagrams represents the correction which cor- 
relates four of the scalar fields. This is the object F which we studied in the 
previous section in eqs.( ^.8|) -( ^.ll|) . To take this correction into account, we 
must insert the four-point module F in all appropriate ways. The result is given 
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by the formula 



72 J-2 

^ (0|Tr (r'^Z'=(x)T^Z-^-2- 



[X 



Tr (t^Z«(0)T'^Z-^-2-9(o)) |0)r^^g(x) 



fc,g=0 



The factor of in the above expression arises from the fact that there are J 
places to insert the first leg of F into each of the two traces in the correlator. The 
position of the second insertion on each side is then summed over. The factor of 4 
in the denominator arises from the fact that all crossings have already been taken 
into account in T so that, to prevent double counting, the insertions should be 
ordered. It is more convenient to use the cyclic symmetry of the trace to consider 
all orderings and divide by their number - thus the factor of 4. Using the identity 
in (^.3|), and the explicit form of the four-point module in eqn. (|5.9|) , we get the 
formula 



1 



47r^(2-cj)(2cu-3) 



r 2i2-^2--^A-^fx) 



X 



J-2 

J2 {TtZ''TtZ''TtZ 

k,q=0 



J-2-A; y.J-2-q 



TtZ'^Z'^Z 



J-2-k yJ-2-q 



) (5.14) 



In order to show that the radiative corrections cancel to order (^yM' niust 
demonstrate that the sum of the two contributions, ( ^.13 ) and (|5.14 ) is zero. 
This requires an identity for the matrix model correlation functions 



{TtZ 



j-i vJ-i 



N ' 



J-2 



N 



J2 {TtZ'^TtZ'^TiZ 



J-2-k yj-2~q 



TiZ^Z^Z 



J-2-fc yJ-2-q 



(5.15) 
) (5.16) 



k,q=0 



This identity can easily be shown to follow from a Schwinger- Dyson equation of 
the Gaussian matrix model. Showing that it is true is entirely equivalent to the 
manipulations of Lie algebra matrices which was outlined in section 2 of ref.[0]. 



5.4 The first radiative correction to the anomalous dimen- 
sion of unprotected operators to leading order in ^ 



Here we shall be interested in calculating the first radiative correction to the 
anomalous dimension of the unprotected operators given in ( [4.1|) . Our calculation 
implies evaluating the first radiative correction to the following quantity 



E(Tr 

p,q=0 



(f)s{x)Z^-P{x)Mx)Z''{x) Tr 03(O)Z''(O)04(O)Z-^-«(O) )e^("iP-"2«) 



(5.17) 
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The calculation is conveniently split into four parts each of which is treated 
making use of our modules from before 



1. Corrections coming from self-energies, Cse 

These result from replacing one free propagator of type 
the relevant one of the following two modules 

9ymN 



or {ZZ) by 



(0|Z"(a;)Z^(0)|0) 
(O|0:(x)0j(O)|O) 



-6. 



ab 



-Sab Sn 



A(x) 
A(x) 



2. Corrections involving the correlator of four Z fields, C^z 

These are obtained by replacing a pair of Z-propagators with the following 
module which can easily be derived from the general correlator (^)-( ^n| ) 



{0\Z''{x)Z\x)Z%0)Z\0)\0) 



9ym 



47r2(2 - io) 



3. Corrections involving the correlator of four 0-fields, 6*4^ 

These we get by replacing the two 0-propagators with the following quantity 



{Qmx)<p\{x)ct>imi{m 



9ym 



feadfebc (A(x))" (5.19) 



4. Corrections involving the correlator of two Z-fields and two 0-fields, C2z<f> 

These are obtained by replacing one Z-propagator and one 0-propagator 
with the following module 



{0\rs{x)Z\xW3iO)Z\0)\0) 



9ym 



jeadjebc (A(x))' (5.20) 



47r2(2-cj) 

Inserting the given modules in all possible ways and taking care of the remaining 
contractions by use of the trace formulas in section SJ. we obtain to the leading 
order in and all orders in J 



^0 

'^2(j>Z 



A, 
A 
A, 
A, 



.1-1 

2 

J2 3J 



2 2 

1 
1 




2 J COS (^) 
17 



Til ^ n2 
1 ni = n2 
rii ^ n2 
rii = n2 
rii ^ n2 
Til = n2 
rii ^ n2 
rii = n2 



where 



It is easy to understand the combinatorial factors of (J + 2) and (J + 1)(J + 2) 
occurring in the self-energy correction. The factor ( J + 2) counts the number of 
propagators and the (J + 1) the number of momentum states. The results neatly 
sum up to 



C = CsE + CiZ + + C2Z(t> 

rii^n2 

Trr, 
J 



Ao-2j(cos(^) -1) ni = n2 



(SA), = ^^XM^ (5.22) 



The contribution to the correction of the anomalous dimension coming from pla- 
nar diagrams thus reads 

which is the same as the result obtained in reference 0. We note, however, that 
it is crucial for the cancellations to take place that we include p, g = in our 
summation range ( ]5.17| ). 



5.5 The first radiative correction to the anomalous di- 

N 



mension of unprotected operators to two orders in 



Calculation of the first radiative correction to the anomalous dimension can be 
carried out to higher orders in the double scaling parameter following exactly the 
same recipe as in the previous section. For the explicit computations it is useful 
to employ an effective matrix model interaction vertex representing the four point 
modules of eq. (|5.18| ), eq. ( p.l9| ) and eq. (^.20|) . These computations are rather 
technical and we have chosen to present them in detail in appendix B. 

The outcome of this analysis is that up to next to leading order in the 
correlation function in question at one-loop reads 



9ym \ 



J2 471^(2 -co) \87T^\X\ 



J4 

2nin2 (27r)' {On, a,)o_,oop + TT^^^m, 



(5.23) 



where 



(C^ni ^^712) 0-loop ^n\,n2 ~l~ ■^n\,n2 



(5.24) 
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is the tree-level correlator of eq. ( [4.14| ) and where 2^ni,n2 is the symmetric genus 
one mass renormalization matrix given by {n ^ 0) 



0,0 



l?0,n = 



711, n2 



2 _|_ 5 

3 ni^Tv'^ 
2 I 2 



for I rill 



F2 



(5.25) 



I n + - i i + - i i for Inil 7^ \n2\ 
This result teaches us that for the redefined operators On{x) of eq. ( [4.16|) we have 



(O)„,(a;)O„,(0)), 



loop 



J2 47r2 (2 - cj) 



fi'YM 



2 ni 1X2 (27r) (5„,,„2 - (ni - ng) (27r) — M„j,„2 + — Pni.na 



(5.26) 



The diagonal piece of this result gives rise to a non-planar correction of the one- 
loop anomalous dimension of these operators 



(5A)i = 



J2 



(27r)2Ar2 



r 1 5 
3 ^ 2r22^ 



(5.27) 



It would be very interesting to reproduce this result from a genus one string 
theory calculation. 
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A Complex matrix model technology 

Much of our insight into the nature of the scaling limit eq. (|l.l|) comes from the 
exact result eq.( |2.4| ) which we have not been able to find in the literature. Here 
we will explain its derivation using matrix model techniques. 

We start from the normalized Gaussian measure for complex N x N matrices 
Zij =R.eZij + i ImZi j with Zij =ReZj^j — i ImZj^i 

[dZdZ] = dZdZ exp(-TrZZ), (A.l) 

where the flat measure dZdZ is an abbreviation of 

dZdZ = Yl '-^ ^ (A.2) 

Thus / [dZdZ] = 1, and matrix model expectation values are given by (...) = 
/ [dZdZ] .... The model has a U{N) x U{N) symmetry (since the action and the 
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measure are invariant under independent left and right group multiplication Z — > 
IJZV'^ where U^V are unitary). Correlators invariant under the full symmetry 
(i.e. sums of products of traces of powers of ZZ) are calculable with known 
techniques Correlators with less symmetry are more difficult even though the 
potential is Gaussian. For our purposes we are interested in correlators invariant 
under the adjoint action of just one U{N) symmetry: Z UZW. Now the 
general invariant correlator contains traces of arbitrary words made out of Z and 
Z, a problem that has not been solved to our knowledge. However, in the special 
case where the traces contain either just Z's or Z's the problem is solvable by 
character expansion techniques P], or, alternatively, by the method of Ginibre 
1T0[] . For completeness we will briefly explain both. 

In order to apply the first method one expands the parts of the correlator 
containing the Z's and the Z's separately in the basis of unitary group characters 
(Schur functions) Xh{Z) and Xh'{Z) labeled by Young diagrams h,h'. Then one 
uses that, even though the matrices are complex instead of unitary, the inner 
product 

iXhiZ) Xh'iZ)) = 5H,h' (A.3) 

is still orthogonal, with a Young diagram dependent, explicitly known normaliza- 
tion factor flfi (see for precise definitions). By Schur- Weyl duality the expan- 
sion coefficients are expressed with the help of the characters of the symmetric 
group Sn- E.g. in the simplest case (TrZ"' TtZ"^) one has 

TrZ' = Y.cKiJ)xhiZ) (A.4) 

h 

where ch.h{J) is the character of the symmetric group Sj corresponding to the 
representation h and evaluated for the conjugacy class of J-cycles. Thus, using 
eq.(H), 

{TrZ' TrZ') = (ch;,(J))' (A.5) 

h 

Now it is easy to show that for J— cycles ch.h{J) is non-zero only for Young 
diagrams consisting of a single hook of boxes with row length k and column 
length J — k. For the hooks one has ch/i(J) = ±1 and (see 0) = 11^=1 (-^ ~ 
1 + ^) Ui^JiiN — m) and thus (clearly Y.h becomes a sum over the J possible 
hooks) 

J k J-k 

(TrZ^ TrZ^) = ^ [](iV-l+i) l[{N-m) (A.6) 

k=l i=l m=l 

which may be summed to the expression eq.(|2.4|). In a similar way we find 



(J-hK J \ k J-\-K—k 

E -E) n(^-l + n {N-m) (A.7) 

k=K+l k=\) i=l m=l 

which upon summing gives eq.( 
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An alternative method consists in diagonalizing Z by a similarity transforma- 



tion 



XZX^^ = diag{zi,...,ZN), (A.8) 

with X a complex matrix and zi, . . . ,zn the complex eigenvalues of Z. As shown 
by Ginibre in 1965 |]lOl the non-diagonal degrees of freedom can be integrated 
out leading to the following joint probability density for the eigenvalues of Z 



/ TV \ TV 

P{z,,...,ZN)=K-'expi-Y.\z,n n k.-%r, K = n''Y[j\ (A.9) 

\ i=l ) l<i<j<N j=l 



Here the normalization is such that 

N 

"P^=l 



N 

J l[dhiP{zi,...,ZN) = l. 



(A.IO) 



Furthermore, one can derive an explicit expression for the correlation function 
involving n eigenvalues, defined as follows {n < N) 



Rn{zi,...,Zn) = n d'^ZiP{zi, 

The result reads [ITU 



zn) 



(A.ll) 



where 



TT — ^exp IzfcH det(i^'Ar(zi,Zj))|ij=i,„,,„ (A.12) 



KN{Zi,Zj] 



k=l 



1=0 



(A.13) 



Making use of the expression ( [A. 121 ) for n = 1, n = 2 and n = 3 one easily 
derives fO) and fO). 



B Evaluating CAz,C2<pz,C^ and Cse 
B.l 

Let us begin with the computation of i.e. the insertion of the module 

eq. ( |5.18|) into the correlator. Here it is useful to represent the expression 
eq. ( |5.18| ) through an effective four point vertex in the matrix model of the form 
: Tr(Z^Z^ — ZZZZ) :. This effective vertex appears in a normal ordered fashion, 
disallowing self-contractions. After performing the 03 and (j)^ contractions one is 
then led to evaluate the correlator 

(TrZ^-P Z-^-'^ TiZP Z'^ : Ti{Z^Z^ - ZZZZ) :) (B.l) 
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Contacting the two Z's in the effective vertex with the outside Z's one produces, 
after some manipulations, the following three terms 

q-l J-q-l 
1=0 m=0 

q-l l-l 

(B) ^ J2 J2 {Tr{Z^-P Z^"^) (TtZ"" Tr{ZP Z'^'"') - TrZ'"+^ Tr(Zf Z""'"-^) )) 

1=1 m=0 
q-2 q-l-2 

(C) = ^ ^ {Tr{Z^-PZ^-'^)(TrZ'^+^Tr{ZPZ'^-'^-^) 

1=0 m=0 

to be augmented by the corresponding terms obtained by swapping p ^ J — p 
and q ^ J — q. We are interested in these correlators to orders A^'^^^ and N"''^'^. 
Term (A) is of leading order N'^'^^ and hence its evaluation is simple: swap 
m^J — q — 1 — m in the second sum to obtain 

q-l J-q-l 

l=Q m=0 

9-1 _ _ 

= ^ (Tr(Z"^-P Z''-^ ZP Z') ) - ^ (Tr(Z"^-P Z^' Z"^-^"') ) 

1=0 1=0 

q-l q 

= AT-^+i ^ Min[J-p, J-Z,p,Z] Min[J-p,Z,p, J-Z] 

i=0 Z=l 

= -7V''+^Min[J-p, J-g,p,g] (B.2) 

up to terms of order N'^~^. Turning to the contributions (B) and (C) we observe 
that they also are of telescope type and only the lowest and highest values of the 
summation indices m contribute: 

g-i _ 

(B) = J2{ Tr(Z-^-^' (at Tt{ZP Z'?) - TrZ' Tr(Z^' Z^'^) ) ) 

1=1 

= {q-l)N{ Tt{Z^-p Z^-'i) Tt{ZP Z'^) ) 

9-1 

- ( Tr(Z^-f Z-^-'i) TrZ' Tr(Z^' Z^"') ) 
1=1 

q-2 

(C) = J2{Ti{Z^-PZ-^-i)(Ti:Zi-^Ti(ZPZ^)-TrZTr(ZPZi-'^)) 

1=0 

q 



(Tr {Z-^-P TrZ' Tr(Z^' Z*"') ; 



1=2 



-{q-l) (Tr (Z-^-f Z''-«)TrZ Tr(Zf Z''"^) ) (B.3) 
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But now the second term in (B) telescopes with the first term in (C) and we 
obtain 

{B) + {C) = 

(g - 1) iV ( i:i{Z-^-^ Z-^-") Tt{ZP Z''))-q{ TiZ TiZ^ Z'^'^ TtZ-^'P Z'^-'^) 
+ {Tt{Z^-p Z'^-'')TiZ''TtZP) (B.4) 

Adding in the swapped p J — p and q J — q contributions we thus find the 
result 

Clz = {J-2)N{J\p,q)-2N'+'Mm[J-p,J~q,p,q] 

+ { Tr(Z^~P Z-^-") TrZ^ TiZ^ ) + ( Tt{ZP Z'') TtZ-^^'^ TtZ'^-p ) 

-qp{J - l\p-l,q- 1) - q{J - p){J - l\p,q - 1) 

-{J - q)piJ - l\p - l,q) - (J - q) (J - p) (J - l\p,q) (B.5) 

up to terms of order A^"^"^ and where we have defined 

( J| p, q) ^ (Tr(Z-^"^ Z-^-" ) Tr(Z^ )) = 5,,, \J\ p] + [J\ p, q] . (B.6) 



B.2 

For the evaluation of we use an analogous strategy and represent the inser- 
tion of the module eq. ( ^.201) into eq. (|5.17|) by an effective matrix model vertex 



of the form 

where we have introduced the complex matrices and corresponding to the real 
fields and 0i(O) with z = 3,4. Note, that one needs to work with complex 

matrices in the effective matrix model description of the combinatorics for the 
real fields 4'i{x) in order to ensure that only fields at points x and are contracted 
and not at — or a; — x. This is a purely technical maneuver to ensure correct 
combinatorics. The : : denote normal ordering as before. It is easy to convince 
oneself that eq. ( p.7| ) is the correct object by inserting it into a trial correlator 



(Tr(</. AZB) Tr(0 C ZD) V^^z) = 

TrA TtC TtBD + TiB TiD TiAC - TiDACB - Ti ADBC (B.8) 

as it should be from ( [5.3| ) and ( p.20| ). 
The C2(f,z correlator then reads 

C20Z = (TT{(l)Z-^-P(j)iZP)Ti{(j)Z'^(j)4Z-^-'^) : Ti{(f)Z(j)Z+Z(f)Z(f)-Z(f)(j)Z-(j)ZZ(f)) :) 

(B.9) 
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where we have chosen to insert a 203 Z module. Clearly for the second choice 
204 Z one gets a factor of 2. Now contract the in the effective vertex to find 

( Tx(z^-^ 04 Z^ : (Z0Z + Z0Z - ZZ0 - 0ZZ) :) Tr(0 04 Z^"*? )) (B.IO) 

now contract the 04 's 

( Tr(Z-^-P Z-^-" Z*? : (Z0Z + Z0Z - ZZ0 - 0ZZ) : ) (B.ll) 

and finally contract the remaining 0's. In order to keep track of the normal 
ordered Z and Z in the effective vertex we denote them by calligraphic letters Z 
and Z. One then has the four terms 

( Tr(Z-^-P Z-^--? Z) TiiZ'i Z) + Tr(Z Z^^p Z^-*? ) Tr(Z Z« ) 
-Tr(Z^-P £J-<? ) Tr(J Z« Z) - Tr(Z Z-^-f Z-^"" Z) Tr(Z« Z^) ) (B.12) 

In the above we are not allowed to contract the Z and Z with each other. How- 
ever, we may circumvent this problem by forgetting about this property of the 2's 
in the propagator and subtracting off the ZZ contraction to correct our mistake, 
e.g. 

(Tr(Z-^-P 2) Tr(Z« Z^ Z)) = 

(Tr(Z-^~P ^J+i-g ) ^p+i )^ _ ^^^(Z-^ Z-^)) (B.13) 

But now the correlator is easy to evaluate and one finds 

= {J+l\p,q+l) + iJ+l\p+l,q) 
-(J+ 1) - (J + 

+2iV(J|p,g) -2(Tr(Z^Z-^)) (B.14) 

which is the exact result. The total contribution to the correlator comes with a 
factor of 2 and we know every term in the above to leading and subleading order 
in A^. 

B.3 

To deduce the C^^ contribution one starts out from 

(Tr(T" Z-^"' Z") Tr(r" Z^ T'^ Z^-^) ) (O|05 0^ 0^, 0^ |0) (B.15) 

and inserts the C^^ module eq. ( |5.19| ) into the last term. Upon using the identity 
eq. ( |5.3| ) one finds 

C4^ = ( TrZ-^-'^ TrZ^ Tr(Z'? Z-^-^)) + (TrZ« TrZ-'-P Tt{Z''-i ZP)) 
-{Tt{Z-^-'^ ZP Z-^-p)) - (Tr(Z^-<? Z-^-p Z« ZP)) 
= { TiZ-^-'i TiZP Tr(Z« Z-^-p)) + (TrZ« TrZ-^^^ Tr(Z-'~« ZP)) 

-2N-^+^Mm[J -p,J -q,p,q] (B.16) 

where we have used that (Tr(Z-^-« Zp Z^ Z'^'P)) = N-^+^ Mm[J -p,J-q,p, q] to 
leading order in A^. 
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B.4 CsE 



We now turn to the contribution from the self-energy sector. It is simply given by 
— times the number of free propagators of the tree-level result plus a correction 
piece due to the missing U{1) contractions in the 1-loop corrected propagator due 
to eq. ( |5.4|) . The outcome is 

CsE = -{J + 2)N{J\p,q) + 2TT{Z-'Z') 

+p{J - q) {J - l\p - 1, q) + p q {J - l\p - I, q - 1) 

+ ( J -p)iJ- q) (J - lb, q) + {J-p)q{J~l\p,q~l). (B.17) 



B.5 The Sum and its Fourier Transform 

In summing up all the results of subsections B.1-4 one sees that many terms 
cancel out. We are then left with 

2 + Ciff) + Ciz + CsE = 

2{{J +l\p,q+l) + {J +l\p+l,q) - {J +l\p+l,q+l) - {J +l\p,q)} 

+ ( Ti{Z-^-P Z-^^") TrZ« TvZP ) + ( Ti{ZP Z") TtZ-^-" TiZ-^-p ) 

+ {TtZ-^-''TtZPTt{Z'' Z-^-P)) + {TiZ''TtZ-^-pTt{Z-^-'' ZP)) 

-A{TiZ-^Z-^) - 4 A^-^+^ Min[ J -p,J-q,p, q] (B.18) 

In the above all terms except {TtZ'-' Z"^) will turn out to be relevant in the double 
scaling limit eq. (|1.1|) . 

The first line of the right hand side of eq. ( [B.18| ) may be Fourier transformed 
by multiple telescoping. One finds 



J 

2 Y,[(J + l\p,q + l)...-(J+l\p,q)}zP 

p,q=0 

J 

-2(1 -2-1) (1 -w"^) 5] (J+l|p,g)zfw;'? 

p,q=l 

-4 (TrZ-^+1 Z-^+i) + 4 (TrZ-^+i TrZ^+i) + 8J N-^^^ (B.19) 

where z = exp(27r2 ni/ J) and w = exp(— 27rin2/J). We thus recover the genus-0 
correlator {0^ (5n2)o-ioop in the sum of the second lineQ. Note that there is a 
relevant contribution to the scaling limit from the first term in the last line of 

(in). 

To evaluate the minimum sum 

J 

-4 ^ Mm[J -p,p,J -q,q]zPw'^ (B.20) 

p,q=0 



''The shift of J ^ J + 1 in this term is irrelevant in the scahng hmit and resuhs in an 
additional factor of N in the tree-level correlator. 
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we proceed as follows. Split up the individual p and q sums according to I]p=o = 
Spio + I]p= J/2+1 assuming J even. By reversing the orders of the resulting sums 
over p and q in the domain larger than J / 2 via p' = J — p and q' = J — q one can 
turn eq. (|B.20|) into 



J/2 

— 4 ^ Min[p, q] {z^ + z^'') {w'^ + u;"'^) — (subleading terms of order J^) (B.21) 

p,q=0 

Now this apparently is 

J/2 p J/2 

A„n. = -16 E {E ? cos(^p) cos(^g) + E P cos(^p) cos(^g) } 

(B.22) 

which upon performing the sums explicitly turns out to be 
__2J3 _ 2J^ _ 2J3 

= - _ 9 9 = -ni where |ni| 7^ jna], 7^ 7^ ^2 (B.23) 

What remains to be done is the Fourier transform of the four cubic trace corre- 
lators in eq. ( p.l8|) which may be rewritten as 



J _ _ 

(Tr^) = E (TrZ*' TrZ^ Ti{Z-^-p Z'^-") ) {z^ + z'^) {w" + w;"") (B.24) 

p,g=0 

Now 

(TrZ^ TrZ'' Tr(Z-^-P Z-^^"^) ) = 

(5p,o 5,,o ( TrZ^ Z-^ ) + ( TrZ^-*^ Z^-^ (TrZ^' TrZ*')c 
+5p,o iV (TrZ" Tr(Z^Z-^-''))c + 5g,o (TrZ^ Tr(Z^-*'Z'^))c (B.25) 

which upon using 

{TiZP Tt{Z-'-pZ-'))c = N-^^^J -p + l)p + OiN-^-^) 
yields to the order in and J, p, q we are working at 
{TiZP TrZ'^ Ti{Z-^-P Z^""?) ) = (B.26) 
6,,o {N'^' + ( t ^ ) ^'^'^ + iJ-<l)<l + N'^' iJ-p)P 

Fourier transforming this result by making use of 







1 

dxx {1 — x) cos(27r n x) 



■ „ 2 2 for n 7^ 
1 for n = 
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yields 



(Tr^) = 4 iV 



rJ+3 



J+ 1 
4 



ni = = 722 

= 0; ^2 7^ 
2 ^2 = 0; rii ^ 

2 ^ ^ n2 

(B.27) 



Finally turning to the relevant term in eq. ( B.19 ) we get 



AN (TrZ-^+^ Z-^+^ ) = -4 ( N'^''' + 



tJ+3 



J + 2 
4 



J+i 



(B.28) 



Adding eq. (|B.23|) , eq. (|B.27| ) and eq. (|B.28| ) we see that we obtain the final result 
of (working with the normalization of the operators On defined in eq. ( [4.1| )) 

j2 

(a„, a2)i-ioop = {-2 (27r)2ni n2 ^ (0„, (5„,)o.,oop - ^^^m.nj x [pole] (B.29) 



where 



T^o,o — T^o,n2 — — Vfi^fi 



V- - = - + 

3 ni^ TT 



2 ^2 '^rii -m 



ni,7i2 



where 7^ |?t,2| 



(B.30) 



Indeed this correlator vanishes for rii = or ^2 = 0. 
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